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Abstract 

a: 

Symmetry breaking by perturbations in the AdS/CFT correspon- 
dence is discussed. Perturbations of vector fields to the AdS 3 x S 3 so- 
lution of the six-dimensional M = (4, 4) supergravity are considered. 
These perturbations are identified as descendents of chiral primary oper- 
ators of a two-dimensional M = (4, 4) CFT with conformal weight (2, 2) 
or (1, 1). We examine unbroken symmetries by the perturbations in the 
CFT side as well as in the supergravity side and find the same result: 
the M = (4, 2) or M = (2, 4) Poincare supersymmetry for the (2, 2) per- 
turbation and the M = (0, 4) or M = (4, 0) super conformal symmetry 
for the (1, 1) perturbation. 
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1. Introduction 



In the original context of the AdS/CFT correspondence [1, 2, 3] string theories 
or supergravities in the AdS space describe field theories on the boundary with the 
conformal symmetry and a large extended supersymmetry. (For a review, see ref. 
[4].) To apply it to more realistic models one has to consider theories with lower 
supersymmetries. One should understand supersymmetry breaking in both of the 
supergravity side and the field theory side. 

One of the approaches to obtain the AdS/CFT correspondence for lower super- 
symmetric cases is to modify AdS solutions of supergravities by adding a perturba- 
tion. In ref. [5], for instance, a perturbation of the three-form flux was added to the 
AdSs x S 5 solution, which breaks M = 4 supersymmetry to M = 1. The perturba- 
tion is a solution of the linearized field equation around the AdSs x S 5 background. 
This perturbation corresponds to fermion mass terms of the three M = 1 chiral 
multiplets in the M = 4 super Yang-Mills theory and polarizes D3-branes into 5- 
branes [6, 7]. It is easy to see how these mass terms break the supersymmetry in 
the field theory side. Furthermore, supersymmetry breaking by the perturbation 
was also studied in the supergravity side [8, 9] by examining supertransformations 
of the fermionic fields. The results of supersymmetry breaking are consistent in the 
field theory side and in the supergravity side. 

A similar supersymmetry breaking by a perturbation was discussed for a two- 
dimensional CFT and its dual supergravity solution. In ref. [10] solutions of the 
linearized field equations of vector fields around the AdS 3 x S 3 solution of the 
six-dimensional Af = (4, 4) supergravity were obtained. This six-dimensional super- 
gravity is an effective theory of the type IIB superstring compactified on T 4 with 
the size of T 4 much smaller than those of AdS 3 and S 3 . By adding these solutions of 
vector fields as a perturbation the J\f = (4, 4) super conformal symmetry of the two- 
dimensional dual field theory is broken. A preliminary analysis in the supergravity 
side showed that there are cases in which it is broken to M = (4,0). In contrast 
to the above AdSs x S 5 case the physical meaning of the perturbations in the field 
theory side is not clear in this case. By this reason supersymmetry breaking in the 
field theory side was not studied in ref. [10]. 

The purpose of the present paper is to study supersymmetry breaking by the 
perturbations in this model in more detail. We first identify operators of the two- 
dimensional CFT corresponding to the perturbations of the supergravity solution. 
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The relation between operators of the CFT and linearized solutions of the super- 
gravity was studied in refs. [11, 12, 13, 14]. We use these results to find that the 
perturbations correspond to certain descendents of chiral primary operators of the 
M = (4, 4) superconformal field theory, which have conformal weight (h, h) = (2, 2) 
or (1,1). We then examine breaking of supersymmetry as as well as of bosonic 
symmetries by perturbations of these operators in the CFT side. We find that the 
unbroken symmetry is the M = (4, 2) or M = (2, 4) Poincare supersymmetry for 
the (2, 2) perturbation, while it is the M = (0, 4) or M = (4, 0) superconformal 
symmetry for the (1,1) perturbation. Finally, we examine symmetry breaking in 
the supergravity side by studying supertransformations of the fermionic fields. The 
unbroken symmetries are in complete agreement with those in the CFT side. The 
result in this paper may be regarded as another non-trivial evidence in support of 
the AdS/CFT correspondence. 

In the next section we review the AdS 3 x S 3 solution of the six- dimensional 
Af = (4,4) supergravity and its symmetries. In sect. 3 we give the perturbations 
around this solution obtained in ref. [10]. In sect. 4 we first identify operators in the 
CFT corresponding to these perturbations. Then, we examine unbroken symmetries 
by the perturbations in the CFT side. In sect. 5 we examine unbroken symmetries in 
the supergravity side and show that they precisely coincide with those in the CFT 
side. In Appendix we give our conventions of SO (4) and SO (5) gamma matrices 
used in the text. 



2. AdS 3 x S 3 background 

We first recall the AdS 3 x S 3 solution of the six- dimensional supergravity. The 
six-dimensional M = (4,4) supergravity [15, 16] has a rigid SO(5,5) symmetry and 
a local SO(5) x SO(5) symmetry. The field content of the theory is a vielbein cm M , 
five antisymmetric tensor fields B^ N , 16 vector fields A^f, 25 scalar fields 0.?, 
eight Rarita-Schwinger fields ip+Ma, ip-M& and 40 spinor fields x+aa, X-aa- The 
indices M, N, ■ ■ • and M, N, ■ ■ • are six-dimensional world and local Lorentz indices, 
respectively. Other indices take values m, a, a = 1, • • • , 5 and p,, p,, a, a — 1, • • • , 4. A 
pair of indices jljl represent a spinor index of SO(5,5), while a, a and a, a represent 
vector and spinor indices of SO (5) x SO (5), respectively. The field strengths of the 
antisymmetric tensor fields and their duals belong to 10 of SO (5,5). The fermionic 
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fields are S0(5)-symplectic Majorana-Weyl spinors and the signs on the fields denote 
the chiralities. The scalar fields take values on the coset space SO(5,5)/(SO(5) x 
SO(5)). 

We are only interested in the fields e M M , B MN and and set other fields to 
zero except 0?? = 5^5?. By this scalar field background the rigid SO(5,5) and local 
SO (5) x SO (5) symmetries are broken to a rigid SO (5) x SO (5) symmetry, and the 
indices fx and a, fx and a are identified, respectively. The local supertransformation 
of the fermionic fields [16]* in this background becomes 

S^p+Ma = D M e +a + -Hl MNP (-f a ) a p T NP e + /3 + ^G MNa pT N et - -^G NPa/ ^T M NP et, 

S^P-Ma = D M e_a — -H"i MN p('Ja)a^ NP ^- l 3 + MN/3a^ N 6+ — -G NP(3cX 

r — " U V MNP C 1 r i v MN c a(-. \ 3 

OX+aa — —-^2 +aMNP 61 ~ ^MNf3ai- £ + {la)a , 

&X-aa = ~^H-aMNpF MNP t+a ~ MNa pT MN (jd)a^, (2-1) 

where the transformation parameter e +a and e_a are SO(5)-symplectic Majorana- 
Weyl spinors. Y M are gamma matrices of the six-dimensional Lorentz group SO(l,5), 
while 7 a , 7 a are those of SO(5) x SO(5). The field strengths of the tensor and vector 
fields are defined as 

Tjm oa -r>m , u /iaa a i _,m\ 3 z^iace a t.,Tn\ 3 

MNP — ^°[M-DNP] + 2 l MN A P]P6t\1 )a ~ [M N A P} a /3\1 )a , 

Gm*N — 2<9[M^Ar"- (2.2) 

H\ and H°l are self-dual and anti self-dual part of H m with m = a or m = d, and 
transform as (5,1) and (1,5) under the rigid SO(5) x SO(5) respectively. G M X N 
satisfies a doubly-symplectic reality condition 

(^Miv)* — (^ 1 )a/?(^ ^q^MJV) (2-3) 

where Q a/3 and fl alS are antisymmetric SO (5) charge conjugation matrices (See Ap- 
pendix.). 

* There are several misprints in ref. [16]. The left-hand sides of eq. (17) should be H"± MN p. The 
right-hand side of the first equation of eq. (24) should be F m — — H™_ . There should be a minus 
sign on the right-hand side of the third equation of eq. (24). The coefficient of the fifth term of eq. 
(21) should not be -\i but -\%. The eighth term of eq. (21) should be -\{F% ■ Hg + + F° • H§_). 
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The AdS 3 x S 3 solution has a metric 

ds 2 = Z(r)~ 1 dx ti dx v r) ta/ + Z{r)dx i dx i <% 

= Z(r)- 1 da?dx v ri ll „ + Z(r)dr 2 + R 2 dtt\ (2.4) 

and a self-dual field strength with non-vanishing components 

H; vi = R- 2 S a e, u x\ H? jk = -r- 4 R 2 S a e ijkl x l , (2.5) 

where r 2 = x l x\ Z(r) = and dVt\ is the metric of S 3 of unit radius. We have 
split the six-dimensional world index as M = (//, i) (/j, — 0, 1; i — 2,3,4,5). The 
antisymmetric and e^i are chosen as eoi = +1 = £2345. S a is a constant vector 
of unit length S a S a = 1. We choose S 5 = 1 and S a = (a = 1,2,3,4) without 
losing generality. The constant parameter R denotes the radius of AdS3 and S 3 . 
The metric (2.4) gives a vielbein and a spin connection as 

< l = §^ ^ = -^(44 - ¥\\ (2-6) 

where /t, v, ■ ■ • and denote local Lorentz indices. It is convenient to decompose 

the six-dimensional gamma matrices T M as 

T A = 7 A «>74D, 

r* = 1(8)7*, (2.7) 

where 7^ and 7* are gamma matrices of SO(l,l) and SO(4) respectively, and we 
have defined 

72D = fl\ 74D = ff^f- (2.8) 

We use the explicit representations of the SO (4) gamma matrices given in Appendix. 

The AdS 3 x S 3 solution (2.4), (2.5) has bosonic and fermionic symmetries. The 
rigid SO (5) x SO (5) symmetry is broken to a rigid SO (4) x SO (5) by the non- 
vanishing value of H% oc S a in (5,1). The first factor SO(4) ~ SU(2) x SU(2) 
corresponds to the automorphism group of the M = (4,4) superconformal algebra 
to be discussed in sect. 4, while the second factor SO(5) will not play important 
role in the following discussion. The solution is also invariant under the isometry 
of AdS 3 x S 3 . The isometry of S 3 is SO(4) ~ SU(2) x SU(2), which acts on x i as 
SO(4) rotations. This symmetry corresponds to the SU(2) x SU(2) generators Jq, 
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Jo in the Af = (4,4) superconformal algebra in sect. 4. The isometry of AdS 3 is 
SO(2,2) ~ SO(2,l) x SO(2,l). It is generated by Killing vectors £ M 



(2.9) 



where (^(x u ) is an arbitrary vector satisfying 

fyCV + d u (%, = 0„CV, d,d u d p (P = 0. (2.10) 

Thus, C M is a two-dimensional conformal Killing vector which is quadratic in x M . 
This symmetry corresponds to Virasoro generators L m , L m (m = ±1,0) in the 
superconformal algebra. 

Finally, supersymmetries preserved by this solution are given by the parameters 
e_ = and e + satisfying 



-Dmc+q + -^H+ MNP {'y a )J 3 T NF 'e+p = 0. 



(2.11) 



This condition comes from the vanishing of the supertransformations of the fermionic 
fields (2.1). Substituting eqs. (2.5), (2.6) into eq. (2.11) it becomes 



^ ~ ^l^'^Di 1 ~ 72D75) 



ar 



di - ^72D75 - 2^7o-(l - 72D7s) 



e + = 0, 
e + = 0, 



(2.12) 



where Y = y7*, and 75 is the fifth matrix of the SO(5) gamma matrices 7 . The 
general e + satisfying these equations is a sum of 



,(-+) 



1 



(2.13) 



where the suffix (±±) on e + and r\ denotes eigenvalues of 74^ and 75. ?^( ±± ) arc 
two-dimensional conformal Killing spinors 



?/ ++) (x + ) 



,(++) 



V2 



(++)„+ 



77 (--)( x -) = e (--) + ^ e (--) x -, 



(2.14) 



where x ± = -}^{x ± x 1 ), and e[ ) ±± ' ) and are arbitrary constant spinors with 

given 7 4D and 75 eigenvalues. Note that r]^^ must be linear in x ± . 

The boundary of AdS 3 at infinity, on which the CFT is defined, is a cylinder. 
We will use the coordinates of the cylinder when we discuss the CFT in sect. 4. To 
compare the supergravity side and the CFT side we need a relation between the 
coordinates x^" in eq. (2.4) and the coordinates of the cylinder r, a (—00 < r < 00, 
< o < 2tt), which is given by (see, e.g. ref. [4]) 

{T±a) _ R + i{^±^) 

~R-i(a*±x i y 1 } 



Going to the Euclidean signature this relation becomes 

1 + w 

z = 1 ' 

1 — w 

where 



(2.16) 



z = e TE+ta , w = ht E + ix l ), (2.17) 
ti 

and r E = ir, ts = ix° are Euclidean time coordinates. In terms of the coordinate z 
the conformal Killing spinors (2.14) become 

^+\z) = -L(l + z)ei ++) + - z)e{ ++ \ 

V { -\z) = -^(1 + + ^<(1 " z)e["\ (2-18) 

where we have used the fact that ^( ±=t ) transforms as a primary field of weight — \ 
under the conformal transformation (2.16) in the same way as for superconformal 
ghosts in the superstring [17]. From the expression (2.18) we see that the parameters 
e[ ) ++ ' ) and e^ + ^ correspond to combinations of the supercharges G_i +Gi and 

G_i — Gi in the superconformal algebra in sect. 4 respectively. Similarly, 6q ^ and 

e[ correspond to G_i + Gi and G_i — Gi respectively. 



3. Perturbations in supergravity 

In ref. [10] perturbations of the vector fields were obtained which satisfy the 
linearized field equations around the AdS 3 x S 3 solution (2.4), (2.5). We consider 
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the linear order in these perturbations. There is no back reaction to other fields to 
this order. 

To show the perturbations we introduce self-dual and anti self-dual two-forms 
T2 = \Tijdx % A dx j satisfying 

* 4 T 2 = ±T 2 , (3.1) 

where * 4 is the Hodge dual for the flat metric The general forms of these 
two-forms are 

T 2 = rrixdz 1 A dz 2 + m 2 dz> A dz 2 + m 3 (dz 1 A dz 1 - dz 2 A dz 2 ) (3.2) 

for the self-dual case and 

T 2 = raxdz 1 A dz 2 + m 2 dz l A dz 2 + m z {dz l A dz 1 + dz 2 A dz 2 ). (3.3) 

for the anti self-dual case, where mi, m 2 , m% are constant coefficients and we have 
introduced the complex coordinates 

z^-Lix' + tx 4 ), z 2 = ^=(x 3 + zx 5 ). (3.4) 

Under the isometry SU(2) x SU(2) of S 3 these two-forms transform as (3, 1) and (1, 
3) respectively. In particular, the mi terms in eqs. (3.2), (3.3) represent the highest 
weight state of each SU(2). We also define a two- form V 2 from T 2 with components 

k 

V l3 = X -{x l T k3 +xiT lk ). (3.5) 

The perturbations satisfying the field equations were given in terms of T 2 and 
V 2 in ref. [10]. We give the field strengths G 2 of the vector fields in eq. (2.2). For 
the self-dual case * 4 T 2 = T 2 there are two pairs of solutions 

^ +) = ^T 2 (l- 75 ), 

G { 2 - } = V 6 (T 2 -3\/ 2 )(l- 75 ) (3.6) 

and 

G ( + ) = i r -2(T 2 -y 2 )(l + 75 ), 



G^ = V 4 (T 2 -2V 2 )(l+ 7 5). (3.7) 
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Similarly, for the anti self-dual case * 4 T 2 = — T 2 there are two pairs of solutions 

^ +) = ^T 2 (l+ 75 ), 

G { 2 - ] = V 6 (T 2 -3\/ 2 )(l+ 75 ) (3.8) 

and 

^ +) = V 2 (T 2 -\/ 2 )(l-7 5 ), 

G { 2 - } = V 4 (T 2 -2\/ 2 )(l- 75 ). (3.9) 
By the reality condition of (2.3) the coefficients of T 2 must satisfy 

(mfT = (n-%p(n-\ $m f, (mfT = -(^M^W^f ■ (3.10) 

For each pair represents a perturbation in the CFT by a operator, while 
represents the vacuum expectation value of the operator [18, 19]. We will examine 
symmetries preserved by G^ ■ 



4. Perturbations in CFT 



The AdS3 x S 3 x T 4 supergravity background corresponds to a two-dimensional 
J\f = (4,4) superconformal field theory [1]. This CFT is described as a deformation 
of the supersymmetric sigma model with a target space T 4 N /S N [20, 21]. For details 
of this theory see, e.g. ref. [22]. The perturbations of the supergravity solution 
discussed in the previous section correspond to certain operators in the CFT. In 
this section we identify these operators and examine unbroken symmetries by these 
operators. We do not need the detailed properties of the operators but the fact that 
they are operators corresponding to descendents of chiral primary states. 

Af = (4, 4) superconformal field theories have two copies of the M = 4 super 
Virasoro algebra for the holomorphic and the anti-holomorphic parts. The M = 4 
super Virasoro algebra for the holomorphic part consists of Virasoro generators L n , 
SU(2) currents J* (I = 1,2,3) and supercharges Gf A (A = 1,2; A = 1,2). The 
mode indices take values n G Z and r G Z + | corresponding to the anti-periodic 
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boundary condition on fermionic fields. The (anti-) commutation relations of this 
algebra are 



[L m , L n ] 
{G A \G BB } 
[J rn , J n \ 
[L m , G AA ] 

[JLi G r A ] 



(m - n)L m+n + — m(m 2 - l)5 m+n>0 , 



e e L r+S + (r - sje (a j J r+S + - 



- I < 



e a 



r+s,Cb 



c 



m+n,0) 



-m 



r 1 (7 AA 

' 1 ^m+ri 



2 

—nJ m+n) 

—jV 7 > BLr m+n 



(4.1) 



and (<J r ) A B 



where e AB and e AB are antisymmetric in the indices with e 12 = 1 = 
are components of the Pauli matrices. We use e's to raise and lower indices, e.g. 



{a l ) AB = e 
conditions 



BC(„I\A 



a ) c- F° r unitary representations the generators satisfy hermiticity 



(4.2) 



The A/" = 4 super Virasoro algebra for the anti-holomorphic part has generators L n , 
j£ and (A' = l',2'; A' = i',2'), which satisfy the similar (anti-)commutation 

relations and hermiticity conditions. 

A chiral primary state \<f>o) of the Af = 4 superconformal algebra by definition 
satisfies 



L 


I0o) 


= J I0o) 


J 




I0o) 


= j I0o) 


J 


■4 


I0o) 


= 0, 




L n 


I0o) 


= 


(n > 0), 


j 1 


I0o) 


= 


(n > 0), 


\j r 


I0o) 


= 


(r > 0), 


G 2 A 

2 


I0o) 


= 0, 





(4.3) 

where we have defined = Jq ± iJ$. L and Jq must have the same eigenvalue 
j = 0, |, !,§,•• •■ One can construct descendent states by applying other generators 
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on |0 O )- A chiral primary state and its descendent states are grouped into highest 
weight representations of the Virasoro and SU(2) Kac-Moody algebras. For j > 1 
the corresponding highest weight states are 



|02> 



G l _\ |0 O ) , 

( G -* G V^ L - iJ °~) l0o) 



(4.4) 





-^0 ^0 


I0o) 


3 3 




j + \ j~\ 


102) 


3 + 1 3 - 1- 



The second term in |0 2 ) is needed so that |0 2 ) becomes a highest weight state of the 
Virasoro and SU(2) Kac-Moody algebras. The eigenvalues of L and Jq for these 
states are 



(4.5) 



For 3 = \ there exist only |0 O ) and 0i/, and no |0 2 )- 

In refs. [11, 12, 13, 14] the Kaluza-Klein spectrum of six-dimensional supergrav- 
ities for the compactification on AdS3 x S 3 was obtained and compared to the 
spectrum of chiral primary states of two-dimensional superconformal field theories. 
We can identify the perturbations (3.6)-(3.9) in this spectrum. The Kaluza-Klein 
spectrum of the six-dimensional J\f = (4, 4) supergravity on AdS3 x S 3 obtained in 
ref. [13] is 



m=2 



[(m, m + 2)5 + (m + 2, m) s + 4(m, m + l) s + 4(m + 1, m) 5 ] 

00 

+ [6(m,m) 5 ]+5(2,2) 5 . (4.6) 



m=3 



Here, (m, m')s represents a short representation of the superalgebra SU(2|1,1) x 
SU(2| 1,1). It is a product representation of two short representations 1115 and 
m' 5 for each SU(2|1, 1). The superalgebra SU(2|1, 1) is a subalgebra of the Af = 
4 superconformal algebra (4.1) consisting of the SO(2,l) generators Lq, L±i, the 

SU(2) generators Jq and the supersymmetry generators G^f. The representation 

± 2 

1115 consists of four irreducible representations of SO(2,l) x SU(2) whose highest 
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perturbation 


(h,h) 


SU(2) x SU(2) 


multiplicity 


supermultiplet 


eq. (3.6) 


(2,2) 


(3,1) 


8 


(3,4) s 


eq. (3.7) 


(1,1) 


(3,1) 


8 


(3,2)5 


eq. (3.8) 


(2,2) 


(1,3) 


8 


(4,3)5 


eq. (3.9) 


(1,1) 


(1,3) 


8 


(2,3)5 



Table 1: Perturbations. 



weight states are given in eq. (4.4) with j = |(m — 1). Namely, there is a one-to- 
one correspondence between a representation 1115 and a chiral primary state with 
j = \{m-l). 

The conformal weights (h, h) of the perturbations G^ are determined by their 
spins and r-dependences. Since the perturbations (3.6)-(3.9) are spin scalars on 
the two-dimensional boundary of AdS,3 we have h — h. When ~ r s 

coordinate frame, we have G-~t^ ~ r s x (z~ 



in the 



~ r s+ in the inertial (local Lorentz) 
frame. We obtain a relation h + h = d+(s + 2) = s + 4 (d = 2). Under the isometry 
SO (4) = SU(2) x SU(2) of S 3 the self-dual and the anti self-dual two-forms in eqs. 
(3.2) and (3.3) transform as (3,1) and (1,3). Therefore, the perturbations G^ 
in eqs. (3.6)-(3.9) have the quantum numbers in Table 1. The multiplicity is 8 
since G^ aa has two internal indices a = 1,...,4, a = 1,...,4 and the projections 
|(1 ± 75) reduce the 16 components by half. Looking for short supermultiplets in 
eq. (4.6) which contain states having these quantum numbers we find that only 
supermultiplets shown in the last column of Table 1 contain those states. Explicitly, 
the perturbations correspond to the following states in the CFT 



eq. (3.6) : 




1))® 


Mj = 1 


eq. (3.7) : 


rtu = 


5))® 


Mj = 1 


eq. (3.8) : 


02 (j = 


1))® 


0fG = § 


eq. (3.9) : 


00 (j = 


1))® 


<t>i'G = \ 



(4.7) 



To examine unbroken symmetries in the CFT side we need to know the action 
of supercharges on these states. From eqs. (4.4), (4.3), (4.1) we obtain 



|0 O ) = GT |0 O ) = Gt\ |0 O > = 0, 



2A 



12 



G ly \ 



G\ 



G\ 



2,4 
l 

2 

1,4 



ii 



G 2 4 



G l A 



4 



-2je AB |0o) , 
e A6 Jo I0o) , 
-e^L-i |0o) , 



— e 



AS 



102) - ^j L - lJ l<M 



<?r i0 2 ) 

2 

GV 4 |0 2 ) 

2 

G 2 4 |0 2 ) 



2 J 



2j 0f , 



1 + d J o" 



i 



GLl |0 2 ) = ^-1^ 
2 2j 



(4.8) 



We can express these relations in terms of local operators and currents. For each 
state we introduce a local operator (p(z) which create the state as 

10) = 0(0) |0) , (4.9) 
where |0) is the SU(2|1,1) invariant vacuum. We also introduce currents for the 



N = 4 superconformal generators 




T(z) = 


" X/ Z 2 Lni 




neZ 


G AA (z) -- 


= ]T z~ r -lG AA 




rez+i 


j\z) - 








Then, the relations (4.8) lead to the 


OPEs 



(4.10) 



G 2A (zi)4> (z 2 ) ~ regular, 



G 1A ( Zl )Mz2) 



G 2A { Zl )<t>"{z 2 ) 



z l — z 2 

(zi - z 2 y 



e AB Mz2) 



e AB dMz2), 



Zl - z 2 
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G 1A {zi)<t>»{z 2 ) 
G 2A { Zl )<p 2 {z 2 ) 
G lA { Zl )U^) 



AB 



(*1 ~ Z 2 f 



[J ,Mz 2 )] - 



Zl - Z 2 



2 - 7^d[J ,M (z 2 ), 



2j 



1 



1 



2j ( Zl - Z2 y 



1 



2j 
1 



1 + — 



[J«Al{z2)\ 



2j ( Zl - Z2 y 



2j J zi - z 2 
1 1 



2j zi - z 2 



9[J o -,0f(z 2 )].(4.11^ 



From these OPEs one can obtain commutators of the generators L n , J^, G AA and 
the local operators <j>o(z), 4> A (z), (p 2 (z) by computing contour integrals of Z\ around 
z 2 . 

The operators corresponding to the perturbations in the supergravity solution 
are integrated operators. There is an arbitrariness in the choice of the integration 
measure. Since the perturbation in the supergravity side is invariant under transla- 
tions of x^, we choose the measure invariant under the translation of w in eq. (2.17) 
(Euclidean version of Thus, we consider the integrated operators 



$ = J d 2 w Mw)4>(w) = J d 2 z \l(z + l) 



= / d 2 w0 A (w)4>(w) 



d 2 z 
d 2 z 



§(* + l) S 
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2 CM) 



<j> Q (z)<j>(z), 
<f>i(z)t(z), 



$ 2 = | d 2 w (h(w)4>(w) = J d 2 z ||(^ + 1) 2 | 2J <h(z)ij>(z), (4.12) 
where we have used the transformation property of the Virasoro primary field of 



conformal weight h: (f>(w) 



[z). In eq. (4.12) we have specified only the 



holomorphic part of the local operators. The anti-holomorphic part can be <p Q , 
4>i ', 02 with the same conformal weight as the holomorphic part. Using the fact 
that the local operators <f> , (f> A , 2 and <fi are primary fields of the Virasoro algebra 
it is easy to see that these integrated operators indeed commute with the translation 
generators of w, w 



P = L_ 1 + 2L + L 1 , P = L_ 1 + 2L + L 1 . 



(4.13) 



By integrating the commutation relations between the generators and the local op- 
erators we obtain 



[G 2A , *„] 



0, 



K A ,%] = J d'z^z + l)^ z r+ ^ A (z)t(z), 
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[G 2 r A , *f 1 



11 



- 2 (j 2 

x0 o (z)0(z), 



2(j- i) 2 r " 



2+1 



(r-±)z+(r + ±) 



2(j-i) ^ r -2 r 

2 + 1 



(r-±)z + (r+±) 



X [J", O (2)]0(2) - 6 A * j d 2 z\\(z+ 1) 



2 °'^V + 2> 2 (^), 



2j Z 2 
2+1 



(r-§)z + (r+§)l 0^(2)0(2), 



[Gl\ H = "2 (j - \) jd 2 z\\{z + l) 

[Gl A ,^]= Jd 2 z\\{z + l)f^[{r-\)z + {r + \)]\J, l( t>^ (4.14) 

Let us find unbroken supersymmetries by the perturbations. The (h, h) = (2, 2) 
operators corresponding to the first and third states in eq. (4.7) are 



4 = / d 2 w(p lA (w;j = l)4> 2 {w;j = 1), 
t , = /" d 2 w(j) 2 (w;j = l)<p lA ,(w;j = §). 



(4.15) 



Here, we have lowered the indices A, A' by using e A ^, e^,^,. From eq. (4.14) we find 
that the supercharges which commute with for a given A' are 



G BB + £2J + G 2 



iBB 



r~iB B 
^ + 1 j 



(4.16) 



where B, B', B are arbitrary and B' ^ A'. The bosonic generators which commute 
with are P, P and Jq. To add these operators to the CFT Hamiltonian as a 
perturbation we should make a hermitian combination m$^, + m*$^ ; , where m is 
a complex constant. The supersymmetries preserved by this perturbation are those 
preserved by both of and Remembering the hermiticity condition (4.2) we 
find that the unbroken supercharges are 



Q BB = QBB + QBB^ Q = + ^ 



iBB 

"2 



2'B' 

2 



V2'B' 

2 



(4.17) 



where -B, i? are arbitrary and B' ^ A'. These supercharges together with the 
translation generators (4.13) satisfy the M = (4, 2) Poincare supersymmetry algebra 



{Q AA , Q BB } = e AB e AB P, {Q, Q T } = P. 



AB AB 



(4.18) 



The supersymmetries preserved by $^4 in eq. (4.15) and its hermitian conjugate are 
similarly obtained and form the M = (2, 4) Poincare supersymmetry algebra. 
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The (h,h) = (1,1) operators corresponding to the second and fourth states in 
eq. (4.7) are 

®A = J d 2 W(p lA (w;j = ±)<f> (w;j = 1), 

$4, = J d 2 wct) {w-3 = l)4> lA ,{w;j = \). (4.19) 

From eq. (4.14) the supercharges which commute with $^4, for a given A 1 are 

G'A, G B j\ (4.20) 

2 2 

where B', B, B' are arbitrary. The bosonic generators which commute with are 
P, L±i, L and Jq'. The supercharges which commute with a hermitian perturbation 
m$ A , + m*$^, are 

G B '?\ (4.21) 

2 

which together with L_i, L , Li and Jq' form the A/" = (0, 4) superconformal algebra. 
The supersymmetries preserved by $^ and its hermitian conjugate are similarly 
obtained and form the M = (4, 0) superconformal algebra. 

In the next section we will show that the perturbations in the supergravity 
solution preserve the same supersymmetries as above. 

5. Unbroken symmetries by perturbations in supergravity 

Let us start from the bosonic symmetries, i.e., the isometry of AdS 3 x S 3 . The 
coordinate transformation of the perturbation G 2 for 5x M = £ M is 

SGmn = £, F 9pGmn + Qm^Gpn + 9m^ p Gmp- (5.1) 

Our perturbations (3.6)-(3.9) have only non-vanishing components Gij and are in- 
dependent of x M . 

In the case of the Killing vectors (2.9) of AdS 3 this transformation gives 

5G^ U = 0, 

SG^ = —d^dpC^Gji, 

SG^ = -^d P C p (rd r + 2)G ij . (5.2) 
16 



For Poincare transformations, for which d p ( p = 0, they automatically vanish. How- 
ever, the invariance under all of the Killing vectors (2.9) requires 

x^ij = 0, (rd r + 2) dj = 0, (5.3) 

namely, Gij should lie along the S 3 directions and have r-dependence r~ 2 . These 
conditions are satisfied by the perturbations in eqs. (3.7), (3.9) but not by 
those in eqs. (3.6), (3.8). This is consistent with the result in the CFT side that 
local operators corresponding to (3.7), (3.9) have conformal weight (1, 1) and the 
integrated operators are invariant under the conformal transformations while those 
corresponding to (3.6), (3.8) are only invariant under the translations. 

The Killing vectors for the isometry SO(3) ~ SU(2) x SU(2) of S 3 are f = A^', 
where = —Xji- The net effect of the transformation (5.1) in this case is that the 
components in G 2 are changed according to the SO (3) transformation. Since 
belong to a representation (3, 1) or (1,3), SU(2) x SU(2) symmetry is broken to 1 
x SU(2) or SU(2) x 1. 

Finally, let us obtain supersymmetries preserved by the perturbations. We con- 
sider the case in which only the m\ terms in eqs. (3.2), (3.3) are present. These 
terms represent the highest weight state of (3,1) or (1,3) of SU(2) x SU(2), and 
corresponds to the CFT operator in eqs. (4.15), (4.19). Therefore, we should recover 
unbroken supersymmetries in eqs. (4.16), (4.20). 

We shall obtain transformation parameter e for which the supertransformations 
of the fermionic fields (2.1) vanish to the first order in G 2 . First, the condition 
5x+aa = require 

1 - 1 

$X+aa = ^Saf^De-a ~ ^ad^M (TaV = 0. (5.4) 

Multiplying S a to this equation we can express e_ in terms of e + as 

= l -RG ija6l f f J 72D4(75)/3 a (5-5) 

We see that e_ is no n- vanishing and of order G 2 - The condition 5^ +Ma = gives 
the same condition as the unperturbed background (2.11) to the first order in G 2 , 
whose solution is eq. (2.13). The condition Sx-da = is also automatically satisfied. 
Substituting eq. (5.5) into 5ip-Ma and Sx+aa and using the differential equation on 
e + (2.12) we obtain 
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-^(r 2 GH a ")f 7%d(75)A +/3 - G ik a "fe +a , 
Sx + a" = \G t r^{ la )Je +p (a = 1,2,3,4). (5.6) 

Supersymmetry parameters for which these transformations vanish correspond to 
unbroken supersymmetries. We examine the conditions (5.6) for each of the pertur- 
bations (3.6)-(3.9). 

First, let us consider the perturbations in eq. (3.6). In this case G^ is 

constant and self-dual. The self-duality implies 

g1T¥V = ( 5 - 7 ) 

when 74D^ = ip- We first consider 5x+- When e + satisfies 756+ = — e + or 74De+ = 
e+, it vanishes because of G^^s = —G^ or the identity (5.7). When 7 4 £>e + = — e + 
and 7 5 e + = e+, it is proportional to 

(m 1 ) a "7 l5 (7a)/e^. (5.8) 

By substituting e+ + ' ) in eq. (2.13) into this equation and using the explicit form of 
gamma matrices 7* and 7" in Appendix we find that it does not vanish. Therefore, 
5x+ = requires = 0. As for 5ip +fl , it vanishes when 74D^+ = — e+ or 7 5 e + = e + 
as seen from eq. (5.6). When 74D e + — e + an d 7s e + — ty+ix is proportional to 

( mi r (ff ~ z 2 f) e +a . (5.9) 

Substituting ^ in eq. (2.13) we find that Sip +fl = requires ^ 1V % = when 
{miY' 01 = 0, and e[~,^ = when (m^'" = 0. Here, we have used two-component 
spinor index A' = 1', 2' instead of the four-component one a = 1, 2, 3, 4 for the first 
index of {mi) aa (See Appendix.). Finally, let us consider 5ip-i. When 7 5 e + = e+, it 
automatically vanishes. When 7 5 e + = — e+, the condition fo/'-i = is shown to be 
equivalent to G f |^ aa 7 3 'e +a = 0, i.e., 

(mi^fe+a = 0, ( mi ) aQ f e+a = 0. (5.10) 

Substituting e^ - - 1 in eq. (2.13) we find that 5ip +i = requires e^T^? = 0, = 

when (mi)*'" = 0, and e^,^ = 0, e| A ,p = when (mi)^' a = 0. To summarize, the 
unbroken supersymmetries by the perturbation, for which all of the transformations 
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in eq. (5.6) vanish are given as follows. When only G^ A a is non-vanishing for a 
given A', the transformation parameters of the unbroken supersymmetries are 

A— ) f (— ) A—) (r. n) 

OBB ' 02' A" OB'B" lB'B" V U -- L V 

where -B, 5', i? are arbitrary and B' ^ A . Remembering the correspondence be- 
tween the supersymmetry parameters and the supercharges discussed at the end of 
sect. 2 we see that this result is in complete agreement with the unbroken super- 
symmetries in the CFT (4.16). 

Next, let us consider the perturbations G 2 + ^ in eq. (3.9). In this case satisfies 
eq. (5.3). We easily find that Sip-^ = for an arbitrary e+ since 

GlfiY,l M } = ^x k G ( +^ 1 (5.12) 

vanishes because of eq. (5.3). As for 5ip-i we need a formula for derivative of . 
From the explicit form of G^ in eq. (3.9) we find 

di(r 2 G^) = -x k G { + ] + (s ik - *^pj x*(*iGW) fl — (h <-> I). (5.13) 

Substituting this into 5ip-i in eq. (5.6) and doing some algebra we find that 5i])-i = 
for an arbitrary e + . Non-trivial conditions on e + only come from 5x+ = 0. When 
7 5 e + = — e+, 5x+ automatically vanishes. When 75 e + = e+, we find that 5x+ 
vanishes only if G^ ; y lj e + = 0. Substituting e^ t+ ' ) in eq. (2.13) into this equation 
and using the explicit form 

A-v2 ( J2\2 ( ~1\2 



lo, 12 _ Z Z (™ n _ A, 22 ) — ^ Z } A. 12 — ^ Z ) 

2 ^ r 2 r 2 r 2 



(5.14) 



we find that 5x+ = requires — 0, e^~^ = 0. Thus, the unbroken supersym- 
metries for the perturbation (3.9) are 

f (++) f (++) f (~) f (~) 

where B', B, B' are arbitrary. This result is again in complete agreement with the 
unbroken supersymmetries in the CFT (4.20). 
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Appendix: SO(4) and SO(5) gamma matrices 



Our representation of the SO (4) gamma matrices is 

where a 1 , a 2 , a 3 are the 2x2 Pauli matrices. The chirality matrix in eq. (2.8) then 
becomes 

74D = f 7¥f = ( J (A.2) 



An SO (4) spinor ip has components 



^={l A AI ) (A = 1, 2; A' — 1', 2'). (A.3) 

Our representation of the SO(5) gamma matrices (^ a )J 5 is 

i ( a 1 \ 2 / a 2 \ 3 ( a 3 \ 
7 = { ai J ' 7 = [a 2 J ' 7 = { a 3 J ' 

A four- component SO(5) spinor ip a (a = 1,2,3,4) is decomposed into two two- 
component spinors 

^=(ti) (A = i,2; A' = i',2'). (A.5) 
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The SO (5) charge conjugation matrix f2 a/3 satisfies 

Q^Q' 1 = ( 7 a ) T (A.6) 

and is given by 

°=(f A)' (A ' 7) 

where antisymmetric e AB and e A ' B ' are chosen as e 12 = +1 = e 1 ' 2 '. We also use 
antisymmetric e^s an d e A'B' with = +1 = e i'2'- 

In eq. (2.13) the supertransformation parameter e + is decomposed according to 
eigenvalues of 7 4 £> and 75. Each of the components has indices as 

, ( — ) (a ^ 

C +AA> +AA n +A'A> t +A'A'- \^-°) 
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